INTRODUCTION
The present paper is an initial step towards some necessary and sufficient conditions on the elements of a group, in order that the group should contain a CCT-subgroup.
If G contains a CCT-subgroup H, then H is a Hall r-subgroup, for n the set of all prime divisors of H. Furthermore, every element of G is then either a n-element or a n'-element.
(This is an easy corollary of Frobenius' theorem and Wielandt's theorem.) The group G is then said to have no (x, n/)-mixed elements. PROBLEM. If G has no (n, &)-mixed elements, for n a nonempty proper subset of n(G), does G contain a CCT-subgroup ? This problem as it stands seems to be a very difficult one. By the work of Gruenberg and Roggenkamp [6] , this problem has an affirmative answer if G is solvable (even rr-solvable; cf. Lemma 2.3). This paper is a partial answer, in the affirmative, for the nonsolvable situation.
If G contains a CCT-subgroup H, and G is not Frobenius, then the centralizers of all n(H)-elements are nilpotent r(H)-subgroups (again Wielandt's theorem). If G is Frobenius, then either His the Frobenius kernel, in which case the same property holds, or His the Frobenius complement, in which case (n(H))'-elements have nilpotent centralizers. It is these two conditions together that I consider in this paper. Suppose G has no (r, &)-mixed elements, and let the centralizers of all x-elements be nilpotent. Does there exist a CCT-subgroup ? (Note. It is too strong to require that the CCT subgroup be a Hall T-subgroup, e.g., Sz(8) with 7 = (5, ll}.) The main results are contained in the following two theorems. Note that it is necessary to impose a condition on the n-quotient groups.
THEOREM 2.10. Let G E CW~ n CrrN, 2 $ rr, and suppose G has no nontrivial n-quotient groups. If H is a maximal nilpotent ,-subgroup of G, then H is a Hall rl-subgroup, rrl C w, H is disjoint from its conjugates and H is a CCTsubgroup.
THEOREM 2.11. Suppose G E C'W n CrrN, 2 E rr, then either G is a Frobenius group or a 2-Frobenius group, or G is a CIT-group and hence a a CN-group. COROLLARY 1. If G E Cpp for some odd prime p, then a Sylow p-subgroup of G is a CCT-subgroup provided G has no p-quotient groups.
Applying this corollary to CM-groups (i.e., the centralizers of 3-elements are 3-groups) shows that in a simple GYM-group its Sylow 3-subgroup is a CCT-subgroup, in particular Nc(5's) > 5's .
COROLLARY 2. Let G E Crrrr, 2 $ rr. If G has no nontrivial z-quotient group and G contains a nilpotent Hall rr-subgroup H, then His a CCT-subgroup.
Proof. Let x be a r-element, then C,(X) is a r-group.
Hence by Wielandt's theorem [ll], C,(x) C Hg for some y, and therefore C,(x) is nilpotent. Thus, G E CrrN. Theorem 2.10 then says that a maximal nilpotent n-subgroup is a CCT-subgroup;
but H is such a maximal nilpotent r-subgroup. This corollary can be used to show that the situation of the hypothesis in Theorem 2.10 occurs quite frequently among the simple groups, e.g., all sporadic groups (as of July, 1974) , Suzuki groups, twisted Ree groups, simple groups of Lie type Es, E8, G, , F4 in odd characteristics, A, (n = prime, or prime + 1, or prime + 2), PSL( p, q) and some of the p??L( p + 1, q).
This list is not exhaustive but not all simple groups satisfy the conditions, e.g., those A,, and PSL's not listed and also the E,'s.
The above classical groups contain a maximal torus T of odd order so that G has no (r(T), n(T)')-mixed elements. Since T is abelian the corollary immediately yields that T is a CCT-subgroup.
Remark. Let GE C'rrq, 2 E 7r. If G contains a nilpotent Hall r-subgroup and G is not a Frobenius or a 2-Frobenius group, then G is a CIT-group, hence a CN-group and Corollary 2 applies with 7~ any connected component of 7r'.
The proof of Theorem 2.10 is based, with only minor alterations, on the proofs of the properties of ; alternatively, on the proofs in [3] on CN-groups.
Rather than rewriting the proofs, the reader is referred to the appropriate pages. However, the necessary lemmas are stated precisely, because of their possible independent interest. The only major amendment is the following corollary to Lemma 2.7.
COROLLARY. If G E Crr~ n CTN, 2 $ TT, and N a p-local subgroup with a Sylow p-subgroup satisfying S, = NN(SB) for some p E TT, then N is a 3-step group. 
PROOFS DEFINITION.
Suppose the finite group G has the property that every element of G has order either a r-number or a rr'-number, for n a proper nonempty subset of the set, X(G), of all prime divisors of 1 G I. The group G is then said to have no (.rr, rr')-mixed elements. The centralizers of v-elements are n-groups and one writes G E Crrn.
DEFINITION.
If G has the property that the centralizers of all n-elements are nilpotent, for a nonempty subset rr of r(G), then one writes G E CTN.
Remark.
If GE CVN and j G j is a r-number then G E CN.
Suppose G E CTT and G E CTN, for T a nonempty subset of T(G). Let P, Q be Sylow p-and Sylow q-subgroups, respectively, p # q, p and q E T. If there exist x E P and y E Q, such that [x, y] The proof follows from Lemmas 2.3-2.5.
LEMMA 2.3. Let G E Crrrr, 2 $ rr, and suppose G is n-solvable, then one of the following happens. Suppose it is O,,(G), let H = O,(G), write G = G/O,,(G). Then O,,(G) # 1 and there exists a rr' subgroup U of G so that if = O,(G). Now HU = T is a Frobenius group, so T is properly contained in G. Let W be a Hall rr-subgroup of G, then U W must be a Frobenius group (since otherwise ow contains elements of mixed order and hence so does G). Thus U is nilpotent (Us 0). On the other hand U is a Frobenius complement in T and hence U must be cyclic of odd order. If C is the centralizer in G of u, then G/C is cyclic. Now C cannot contain a r-element as otherwise G would contain a mixed element. Hence
C is a a'-group and so c = 0 by the definition of u. Since G/C is cyclic it must be a n-group and so G/C z m. Note C = T and hence G is 2-Frobenius with lower Frobenius group C and Frobenius quotient G/H. The case where O,(G) is nontrivial may be treated similarly. LEMMA 2.4. Suppose G E Cmr, 2 $ m, G not a n-group, not Frobenius nor 2-Frobenius. If 1 G 1 is even, then the Sylow 2-subgroup of G is neither cyclic nor quaternion.
Proof.
If S, is cyclic, then G has a normal 2-complement and is solvable. Lemma 2.3 then yields a contradiction.
If S, is quaternion, then by a theorem of Brauer and Suzuki [2] , N = G/O(G) has a nontrivial center of order 2. Since N also has no (rr, rr')-mixed elements, N must be a rr'-group.
Thus G is r-solvable and again Lemma 2.3 gives the contradiction. Proof. By Proposition 2.2, G is either a r-group, Frobenius or 2-Frobenius. If G is a r-group, then G is a CN-group. Since x consists of odd primes G is solvable CN-group, thus Lemma 2.6 completes this case. So one can can assume G is a 2-Frobenius &N-group. But any 2-Frobenius group is a C7rrr group and hence a C7~'n' group. Also G contains a cyclic Hall rr'-subgroup N. So if x is any rr'-element, C,(X) is a rr'-subgroup and is contained in some conjugate of N by Wielandt's theorem [l 11. Therefore C,(X) is nilpotent; i.e., GE &N and C&N. Thus G is a CN-group. By Proposition 2.2, G is also solvable. Hence by Lemma 2.6, this case follows and completes the proof. THEOREM 2.8. Let G E C'?TT n CrrN. Suppose H is a n-subgroup of G, and that H is maximal subject to being a nilpotent n-group. Then
(1) H is a Hall n,-subgroup of G for some 9 C zr; (2) sf H is not of prime power order, then H n H" = 1 or H, for allg E G; (3) if H n H!! = 1 OY H for all g E G, then H is a CCT-subgroup.
See [3; 4, Proof of Theorem 1.7, parts (i), (ii), (iii), p. 4031. THEOREM 2.9. Let G E CTW n CrN, 2 $ r, and suppose G has no nontrivial n-quotient groups. Then no subgroup of G is a 3-step group, with respect top E x.
Proof. See [4, Proof of Theorem 2.2, p. 4051 using Lemma 2.7 and the fact that G itself is not a 3-step group with Frobenius complement a n-group. THEOREM 2.10. Let G E Cnn n CrrN, 2 $ z=, and suppose G has no nontrivial T-quotient groups. If H is a maximal nilpotent n-subgroup of G, then H is a Hall rrl-subgroup, r1 C r, H is disjoint from its conjugates and H is a CCT-subgroup.
See . Also H n L is a nilpotent Hall n,-subgroup, with rrZ C m1 C x and 2 E nz . Wow, in PSU(3, q), C,(g) # I, so 1 D : K 1 > 1. Suppose y # 1, y E C,(g), then y = yg and y is a r,-element.
So there exists t E NJ&) = N n L such that y E (H n L)t. Thus y E (H n L)t n (H n L)fg, i.e., yt-* E (H nL) n (H n L)Qt-l.
Hence tgt-l E N,(H nL) = N n L, and since t E N n L, g E N n L. But g E L\(N n L). This final contradiction yields that G is a UT-group and hence a CN-group (cf. [lo, Theorem 141).
